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Abstract
In this paper, we define and study subspace-diskcyclic operators. We show that subspace-
diskcyclicity does not imply to diskcyclicity. We establish a subspace-diskcyclic criterion and
use it to find a subspace-diskcyclic operator that is not subspace-hypercyclic for any subspaces.
Also, we show that the inverse of invertible subspace-diskcyclic operators do not need to be
subspace-diskcyclic for any subspaces. Finally, we prove that every finite-dimensional separable
Hilbert space over the complex field supports a subspace-diskcyclic operator.
keywords:diskcyclic operators, Dynamics of linear operators in Banach spaces.
1 introduction
A bounded linear operator T on a separable Banach space X is hypercyclic if there is a vector x ∈ X
such that Orb(T, x) = {T nx : n ≥ 0} is dense in X , such a vector x is called hypercyclic for T . The
first example of a hypercyclic operator on a Banach space was constructed by Rolewicz in 1969 [10].
He showed that if B is the backward shift on ℓp(N) then λB is hypercyclic if and only if |λ| > 1.
The studying of the scaled orbit and disk orbit are motivated by the Rolewicz example [10]. In 1974,
Hilden and Wallen [6] defined the supercyclicity concept. An operator T is called supercyclic if there
is a vector x such that the cone generated by Orb(T, x) is dense in X . The notion of a diskcyclic
operator was introduced by Zeana [12]. An operator T is called diskcyclic if there is a vector x ∈ X
such that the disk orbit DOrb(T, x) = {αT nx : α ∈ C, |α| ≤ 1, n ∈ N} is dense in X , such a vector x
is called diskcyclic for T . For more information about diskcyclic operators, the reader may refer to
[2] [1] [12].
In 2011, Madore and Mart´ınez-Avendan˜o [8] considered the density of the orbit in a non-trivial sub-
space instead of the whole space, this phenomenon is called the subspace-hypercyclicity. An operator
is called M-hypercyclic or subspace-hypercyclic for a subspace M of X if there exists a vector such
that the intersection of its orbit and M is dense in M. They proved that subspace-hypercyclicity is
infinite dimensional phenomenon. For more information on subspace-hypercyclicity, one may refer
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to [7] and [9]
In 2012 Xian-Feng et al [11] defined the subspace-supercyclic operator as follows: An operator is
called M-supercyclic or subspace-supercyclic for a subspace M of X if there exists a vector such
that the intersection of the cone generated by its orbit and M is dense in M.
Since both subspace-hypercyclicity and subspace-supercyclicity were studied. It is natural to define
and study subspace-diskcyclicity. In the second section of this paper, we introduce the concept of
subspace-diskcyclicity and subspace-disk transitivity. We show that not every subspace-diskcyclic
operator is diskcyclic. We give the relation between all subspace-cyclicity. In particular, we give a
set of sufficient conditions for an operator to be subspace-diskcyclic. We use this result to give an
example of a subspace-diskcyclic which is not subspace-hypercyclic. Also, we give an example of a
supercyclic operator that is not subspace-diskcyclic. Moreover, we give a simple example to show
that the inverse of subspace-diskcyclic operators do not need to be subspace-diskcyclic which answers
the corresponding question to [11, Question 1] for subspace-diskcyclicity. As a consequence of this
example, we show that subspace-diskcyclicity exists on every finite dimensional Hilbert space which
is not true for subspace-hypercyclicity.
2 Main results
In this paper, all Banach spaces X are infinite dimensional (unless stated otherwise) and separable
over the field C of complex numbers. All subspaces of X are assumed to be nontrivial linear sub-
spaces and topologically closed, and all relatively open sets are assumed to be nonempty. We will
denote the closed unit disk by D and the open unit disk by U.
Definition 2.1. Let T ∈ B(X ), and letM be a subspace of X . Then T is called a subspace-diskcyclic
operator for M (or M-diskcyclic, for short) if there exists a vector x such that DOrb(T, x) ∩M is
dense in M. Such a vector x is called a subspace-diskcyclic (or M-diskcyclic, for short) vector for
T .
Let DC(T,M) be the set of all M-diskcyclic vectors for T , that is
DC(T,M) = {x ∈ X : DOrb(T, x) ∩M is dense in M}.
Let DC(M,X ) be the set of all M-diskcyclic operators on X , that is
DC(M,X ) = {T ∈ B(X ) : DOrb(T, x) ∩M is dense in M for some x ∈ X}.
By [3, Theorem 2.1], every diskcyclic operator is subspace-diskcyclic; on the other hand, the next
example shows that the subspace-diskcyclicity does not imply to the diskcyclicity.
Example 2.2. Suppose that T is a diskcyclic operator on X , and x is a diskcyclic vector for T .
Suppose that N = X ⊕ {0}, and I is the identity operator on C2. Then, the operator S = T ⊕ I ∈
B(X ⊕ C2) is not diskcyclic on X ⊕ X ; otherwise, we get I is diskcyclic operator on C2 (see [2,
Proposition 2.2]) which contradicts [2, Proposition 2.1]. However, it is clear that S is N -diskcyclic
operator, and (x, 0) is N -diskcyclic vector for S.
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From 2.2 above, it is clear that the [2, Proposition 2.2] can not be extended to subspace-diskcyclic
operators, since I can not be subspace-diskcyclic for any nontrivial subspace.
Definition 2.3. Let T ∈ B(X ) and M be a subspace of X . Then T is called subspace-disk transitive
for M (or M-disk transitive, for short) if for any two relatively open sets U and V in M, there exist
n ∈ N and α ∈ Uc such that T−n(αU) ∩ V contains a relatively open subset G of M.
The next lemma gives some equivalent assertions to subspace-disk transitive, which will be the tool
to prove several facts in this paper.
Lemma 2.4. Let T ∈ B(X ) andM be a subspace of X . Then the following assertions are equivalent:
1. T is M-disk transitive,
2. For any two relatively open sets U and V in M, there exist α ∈ Uc and n ∈ N such that
T−n(αU) ∩ V is nonempty and T n(M) ⊂M.
3. For any two relatively open sets U and V in M, there exist α ∈ Uc and n ∈ N such that
T−n(αU) ∩ V is nonempty and open in M.
Proof. (1) ⇒ (2): Let U and V be two open subsets of M. By condition (1), there exist α ∈ Uc,
n ∈ N and an open set G in M such that G ⊂ T−n(αU) ∩ V . It follows that
T−n(αU) ∩ V is nonempty . (1)
Since G ⊂ T−n(αU) it follows that 1
α
T nG ⊂ U ⊂ M. Let x ∈ M and x0 ∈ G. Then there exists
r ∈ N such that (x0 + rx) ∈ G. Then, we get
1
α
T nx0 +
1
α
T nrx =
1
α
T n(x0 + rx) ∈
1
α
T nG ⊂M.
Since x0 ∈ G then
1
α
T nx0 ∈
1
α
T nG ⊂M, it follows that r
α
T nx ∈M and so
T nx ∈M. (2)
The proof follows by Equation (1) and Equation (2).
(2)⇒ (3): Since T n|M ∈ B(M), then T−n(αU) ∩M is open in M for any open set U of M. Since
V ⊂M is open, it follows that T−n(αU) ∩ V is an open set in M.
(3)⇒ (1) is trivial.
The next theorem shows that every subspace-disk transitive operator is subspace-diskcyclic for the
same subspace. First, we need the following lemma.
We will suppose that {Bk : k ∈ N} is a countable open basis for the relative topology of a subspace
M.
Lemma 2.5. Let T be an M-diskcyclic operator. Then
DC(T,M) =
⋂
k∈N
( ⋃
α∈Uc
n∈N
T−n(αBk)).
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Proof. We have x ∈ DC(T,M) if and only if {αT nx : n ∈ N, α ∈ D\ {0}} ∩ M is dense in M if
and only if for each k > 0, there are α ∈ D\ {0} and n ∈ N such that αT nx ∈ Bk if and only if
x ∈
⋂
k∈N
( ⋃
α∈Uc
n∈N
T−n(αBk)).
Theorem 2.6. Let T ∈ B(X ), and let M be a subspace of X . Suppose that T is M-disk transitive.
Then
⋂
k
( ⋃
α∈Uc
n∈N
T−n(αBk)) is dense in M.
Proof. Since T is M-transitive, then by 2.4, for each i, j ∈ N, there exist ni,j ∈ N and αi,j ∈ Uc
such that
T−ni,j (αi,jBi) ∩ Bj
is nonempty open in M. Suppose that
Ai =
∞⋃
j=1
(
T−ni,j(αi,jBi) ∩Bj
)
for all i ∈ N. Then Ai is nonempty and open in M since it is a countable union of open sets in M.
Furthermore, each Ai is dense in M since it intersects each Bj. By the Baire category theorem, we
get
∞⋂
i=1
Ai =
∞⋂
i=1
∞⋃
j=1
(
T−ni,j(αi,jBi) ∩Bj
)
is a dense set in M. Clearly,⋂
i∈N
⋃
j∈N
T−ni,j(αi,jBi) ∩ Bj ⊂
⋂
i
⋃
α∈Uc
n∈N
T−n(αBi) ∩M.
It follows that
⋂
i∈N
⋃
α∈Uc
n∈N
T−n(αBi) ∩M is desne in M. The proof is completed.
Corollary 2.7. If T is an M-disk transitive operator, then T is M-diskcyclic.
Proof. The proof follows by 2.5 and 2.6.
It is clear from 2.1, that every M-hypercyclic operator is M-diskcyclic which in turn is M-
supercyclic. On the other hand, the following two examples show that the reversed directions are
not true ingeneral. First we need the following lemma, which extend the diskcyclic criterion to
subspace-diskcyclic criterion.
Lemma 2.8 (M-Diskcyclic Criterion). Let T ∈ B(X ) and M be a subspace of X . Suppose that
〈nk〉k∈N is an increasing sequence of positive integers and D1, D2 ∈M are two dense sets in M such
that
(a) For every y ∈ D2, there is a sequence 〈xk〉k∈N in M such that ‖xk‖ → 0 and T
nkxk → y as
k →∞,
(b) ‖T nkx‖ ‖xk‖ → 0 for all x ∈ D1 as k →∞,
(c) T nkM⊆M for all k ∈ N.
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Then T is said to be satisfied M-diskcyclic criterion, and T is an M-diskcyclic operator.
Proof. To show that T is M-diskcyclic operator, we will use the same lines as in the proof of [4,
Theorem 1.14]. Let U1 and U2 be two relatively open sets in M. Then we can find x ∈ D1 ∩ U1 and
y ∈ D2 ∩ U2 since both D1 and D2 are dense in M. It follows from the condition b that there exists
a sequence of non-zero scalars 〈λk〉k∈N such that λkT
nkx→ 0 and λ−1k xk → 0. Suppose that ‖T
nkx‖
and ‖xk‖ are not both zero. Then, we have the following cases:
(1) if ‖T nkx‖ ‖xk‖ 6= 0, set λk = ‖xk‖
1
2 ‖T nkx‖−
1
2 ,
(2) if ‖xk‖ = 0, set λk = 2
−k ‖T nkx‖−1,
(3) if ‖T nkx‖ = 0, set λk = 2k ‖xk‖.
Indeed, for the last case when ‖T nkx‖ = 0, T turns to be M-hypercyclic [8, Theorem 3.6] and thus
M-diskcyclic. Also, for the first two cases if ‖T nkx‖ → 0, then T is M-hypercyclic. Otherwise, it
follows easily that |λk| ≤ 1 for all k ∈ N. Set z = x+λk
−1xk for a large enough k. Since x ∈ U1 ⊂M
and λk
−1xk ∈M, then z ∈M. Since
‖z − x‖ → 0,
it follows that z ∈ U1.
Now, since λkT
nkz = λkT
nkx+ T nkxk, then by using the condition c both λkT
nkz and T nkxk belong
to M and so λkT nkx ∈M. Moreover, since T nkxk → y for a large enough k, then
‖λkT
nkz − y‖ → 0.
Thus λkT
nkz ∈ U2. It follows that there exist k ∈ N such that U1 ∩ T−nk
(
λ−1k U2
)
6= φ. By 2.4 and
2.7, T is an M-diskcyclic operator.
The following lemma can be proved by the same lines as in the proof of [5, Lemma 3.1.] and [5,
Lemma 3.3.] respectively.
Lemma 2.9. Let T be an invertible bilateral weighted shift on ℓp(Z) and 〈nk〉k∈N be an increas-
ing sequence of positive integers. Suppose that M is a subspace of ℓp(Z) with the canonical basis
{emi : i ∈ N, mi ∈ Z} such that T
nkM ⊆ M. If there exists an i, j ∈ N such that T nkemi → 0
(‖T nkemi‖
∥∥Bnkemj∥∥ → 0) as k → ∞, then T nkemr → 0 (or ‖T nkemr‖ ∥∥Bnkemp∥∥ → 0, respectively)
for all r, p ∈ N
Proof. Since T nkM ⊆ M, the proof is similar to the proof of [5, Lemma 3.1.] and [5, Lemma
3.3.].
Now, the next example shows that M-diskcyclicity does not imply to M-hypercyclicity.
Example 2.10. Let F : ℓp(Z) → ℓp(Z) be a bilateral weighted forward shift operator, defined by
F (en) = wnen+1 for all n ∈ Z, where
wn =
{
3 if n ≥ 0,
4 if n < 0.
Let M be the subspace of ℓp(Z) defined as follows:
M =
{
〈an〉
∞
n=−∞ ∈ ℓ
p(Z) : a2n = 0, n ∈ Z
}
,
then F is an M-diskcyclic operator, not M-hypercyclic.
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Proof. We will apply M-diskcyclic criterion to give the proof. Let D = D1 = D2 be dense subsets
of M, consisting of all sequences with finite support. Let nk = 2k for all k ∈ N. It is clear that the
set C = {em : m ∈ O} is the canonical basis for M, where O is the set of all odd integer numbers.
Let x, y ∈ D, then x =
∑
i∈O xiei and y =
∑
i∈O yiei, where xi, yi ∈ C for all i ∈ O.
Let B be a bilateral weighted backward shift on ℓp(Z) defined by Ben = znen−1, n ∈ Z, where
zn =
{
1
3
if n > 0,
1
4
if n ≤ 0.
Suppose that xk = B
2ky for all k ∈ N. Since |wn| ≥ 4 and |zn| ≥ 1/4 for all n ∈ Z, then F and B
are invertible with F−1 = B. Since B and T are linear and invertible, then it is sufficient by triangle
inequality and 2.9 to assume that x = y = e1. Since
B2ke1 =
(
1−2k∏
j=0
zj
)
e1−2k,
it is clear that
∥∥B2ke1∥∥ = 142k → 0 as k →∞. Hence
‖xk‖ → 0 as k →∞. (3)
It is easy to show that for a large enough k,
F 2kxk = y. (4)
It follows from Equation (3) and Equation (4) that the condition a in 2.8 holds.
Moreover, we have ∥∥F 2ke1∥∥ ∥∥B2ke1∥∥ =
∥∥∥∥∥
2k∏
j=1
wj
∥∥∥∥∥
∥∥∥∥∥
1−2k∏
j=0
zj
∥∥∥∥∥ =
(
3
4
)2k
→ 0,
as k → ∞. Hence the condition b in 2.8 holds. It can be easily deduced from the definition of M
that for each x ∈M and each k ∈ N, the sequence F 2kx will have a zero entry on all even positions,
that is
F 2kx ∈M.
It follows that the condition c in 2.8 holds. Thus F is an M-diskcyclic operator.
Note that the operator F is clearly not M-hypercyclic since
‖F nkei‖ =
∥∥∥∥∥
i+nk−1∏
j=i
wj
∥∥∥∥∥→∞.
for any increasing sequence 〈nk〉k∈N of positive integers, and any i ∈ Z, that is, its orbit can not be
dense in any subspace.
The next simple example shows that M-supercyclicity does not imply to M-diskcyclicity.
Example 2.11. Let I be the identity operator on the space Ck for some k ≥ 2, and let M be a
subspace of Ck. Then it is clear that COrb(I, x) ∩M is dense in M for some vector 0 6= x ∈ Ck,
that is, I is M-supercyclic. However, DOrb(I, x) ∩M can not be dense in M for any x ∈ Ck, that
is, I is not M-diskcyclic.
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The following example gives several useful consequences, some of them answering the corresponding
questions to [11, Question 3.3], [8, Question 1] and [9, Question 1], but for subspace-diskcyclicity.
Example 2.12. Let T = kx ∈ B(Cn), k ∈ Dc, n ≥ 2. Let M = {y : y = (a, 0, 0, · · · , 0), y ∈ Cn} be
a subspace of Cn. Then
1. T and T ∗ are M-diskcyclic operators,
2. T−1 is not subspace-diskcyclic operator for any subspace,
3. There is some vector x ∈ Cn such that DOrb(T−1, x) is somewhere dense in M, but not
everywhere dense in M.
Proof. For (1), let x = (1, 0, 0, · · · , 0), then
DOrb(T, x) ∩M = {(αkn, 0, 0, · · · , 0) : α ∈ D, n ≥ 0} .
Let z = (b, 0, 0, · · · , 0) ∈ M, and let us choose an m ∈ N such that |km| ≥ |b|. Then it is clear that
z =
(
km
(
b
km
)
, 0, 0, · · · , 0
)
∈ DOrb(T, x)∩M. It follows that T is anM-diskcyclic operator. By the
same way, we can show that T ∗ = k¯x is M-diskcyclic.
For (2), since T−1x = 1
2
x then DOrb(T−1, x) is bounded for all x ∈ Cn, and hence T−1 can not be
dense in any proper subspace of Cn. Thus, T−1 is not M-diskcyclic.
For (3), let x = (1, 0, 0, · · · , 0), then Int
(
DOrb(T−1, x) ∩M
)
= {(y, 0, 0, · · · , 0) : y ∈ C, |y| < 1} 6=
φ. Therfore, DOrb(T−1, x) is somewhere dense in M. However, by part (2) DOrb(T−1, x) is not
everywhere dense in M.
It follows from the above example that compact and hyponormal subspace-diskcyclic operators exist
on C. Since every two n-dimensional Hilbert spaces over the scalar complex field are isomorphic.
Then from 2.12 above, one may easily conclude the following proposition.
Proposition 2.13. There are subspace-diskcyclic operators on every finite dimensional Hilbert space
over the scalar field C,
References
[1] N. Bamerni, A. Kılıc¸man, Operators with Diskcyclic Vectors Subspaces, Journal of Taibah University
for Science, 9 (2015), 414–419.
[2] N. Bamerni and A. Kılıc¸man, M.S.M. Noorani, A review of some works in the theory of diskcyclic
operators, Bull. Malays. Math. Sci. Soc., doi:10.1007/s40840-015-0137-x.
[3] N. Bamerni, V. Kadets, A. Kılıc¸man, Hypercyclic operators are subspace hypercyclic, J. Math. Anal.
Appl. doi 10.1016/j.jmaa.2015.11.015.
[4] F. Bayart, E´. Matheron, Dynamics of Linear Operators, Cambridge University Press 2009.
[5] N. Feldman, Hypercyclicity and supercyclicity for invertible bilateral weighted shifts, Proc. Amer. Math.
Soc. 131 (2003) 479-485.
7
[6] H.M. Hilden, L. J. Wallen, Some cyclic and non-cyclic vectors of certain operators, Indiana Univ. Math.
J. 23 (1974), 557–565.
[7] C.M. Le,On subspace-hypercyclic operators, Proc. Amer. Math. Soc., 139(2011), 2847–2852.
[8] B.F. Madore, R.A. Mart´ınez-Avendan˜o, Subspace hypercyclicity, J. Math. Anal. Appl. 373 (2011),
502–511.
[9] H. Rezaei, Notes on subspace-hypercyclic operators, J. Math. Anal. Appl. 397 (2013), 428–433.
[10] S. Rolewicz, On orbits of elements, Studia Math. 32 (1969), 17–22.
[11] Z. Xian-Feng, S. Yong-Lu, Z. Yun-Hua,Subspace-supercyclicity and common subspace-supercyclic vec-
tors, Journal of East China Normal University. 1(2012), 106–112.
[12] Z. J. Zeana, Cyclic Phenomena of operators on Hilbert space; Thesis, University of Baghdad, 2002.
8
